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CHARACTERISTIC FUNCTIONS AND JOINT INVARIANT SUBSPACES 


GELU POPESCU 


Abstract. Let T := [Ti,... ,r„] be an n-tuple of operators on a Hilbert space such that 
T is a completely non-coisometric row contraction. We establish the existence of a “one-to- 
one” correspondence between the joint invariant subspaces under Ti,... ,Tn, and the regular 
factorizations of the characteristic function 0 t associated with T. In particular, we prove 
that there is a non-trivial joint invariant subspace under the operators Ti ,..., T„ , if and 
only if there is a non-trivial regular factorization of 0 t. We also provide a functional model 
for the joint invariant subspaces in terms of the regular factorizations of the characteristic 
function, and prove the existence of joint invariant subspaces for certain classes of n-tuples 
of operators. 

We obtain criterions for joint similarity of n-tuples of operators to Cuntz row isometries. 
In particular, we prove that a completely non-coisometric row contraction T is jointly similar 
to a Cuntz row isometry if and only if the characteristic function of T is an invertible multi- 
analytic operator. 


1. Introduction 

In the classical case of a single operator, the connection between the invariant subspaces 
of an operator and the corresponding characteristic function was first considered, for certain 
particular classes of operators, in the work of Livsitz, Potapov, Smulyan, Brodsky, etc (see 
the references from m and m)- One of the fundamental results in the Nagy-Foia§ theory of 
contractions states that the invariant subspaces of a completely non-unitary (c.n.u.) con¬ 
traction T on a (separable) Hilbert space are in “one-to-one” correspondence with the regular 
factorizations of the characteristic function associated with T. This general result, although 
influenced in part by the work of the authors cited above, was obtained by Sz.-Nagy and 
Foia§ in na, m. following an entirely different approach based on the geometric structure 
of the unitary dilation and the corresponding functional model for c.n.u. contractions. 

The main goal of this paper is to obtain a multivariable version of the above-mentioned 
result, for n-tuples of operators, and to provide a functional model for the joint invariant 
subspaces in terms of the regular factorizations of the characteristic function. This comes as 
a natural continuation of our program to develop a free analogue of Nagy-Foia§ theory, for 
row contractions. 

An n-tuple T := [Ti,..., T„] of bounded linear operators acting on a common Hilbert space 
Ti is called row contraction if 

TiTf -b • • • -b TnTf < I. 

A distinguished role among row contractions is played by the n-tuple S := [5i,...,5n] of 
left creation operators on the full Fock space with n generators, F‘^{Hn), which satisfies the 
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noncommutative von Neumann inequality m (see also ca, M) 

\\p{n,...,Tn)\\ < ||p(5l,...,5„)|| 

for any polynomial p{Xi,... ,Xn) in n noncommuting indeterminates. For the classical von 
Neumann inequality m (case n = 1) and a nice survey, we refer to Pisier’s book |^. Based 
on the left creation operators and their representations, a noncommutative dilation theory 
and model theory for row contractions was developed in 0,0, i, 0, 0, m, etc. In 
this study, the role of the unilateral shift is played by the left creation operators and the 
Hardy algebra H°° (B) is replaced by the noncommutative analytic Toeplitz algebra . We 
recall that was introduced in m as the algebra of left multipliers of F‘^{Hn) and can 
be identified with the weakly closed (or t(;*-closed) algebra generated by the left creation 
operators Si,..., Sn and the identity. 

In [Sj, we defined the standard characteristic function of a row contraction (a multi-analytic 
operator acting on Fock spaces) which, as in the classical case (n = 1) ESI, turned out to be a 
complete unitary invariant for completely non-coisometric row contractions (c.n.c.). We also 
constructed a model for c.n.c. row contractions, in which the characteristic function occurs 
explicitely. 

In 2000, Arveson pQ introduced and studied the curvature and Euler characteristic asso¬ 
ciated with a row contraction with commuting entries. Noncommutative analogues of these 
numerical invariants were defined and studied by the author m and, independently, by 
D. Kribs 0. We showed in m that the curvature invariant and Euler characteristic assso- 
ciated with a Hilbert module generated by an arbitrary (resp. commuting) row contraction 
T := [ri,...,T„] can be expressed only in terms of the (resp. constrained) characteristic 
function of T. 

In this paper, we continue the study of the characteristic function 0^ associated with a row 
contraction T := [Ti,..., T^] in connection with joint invariant subspaces under the operators 
Ti,... ,Tn, and the joint similarity of T to a Cuntz row isometry W := [Wi ,..., Wn], i.e., 
Wi ,..., Wn are isometries with 

WiW* + • • • + WnW* = L 

After some preliminaries on multivariable noncommutative dilation theory (see Section 2), 
we present in Section 3 the main results of this paper. 

We establish the existence of a “one-to-one” correspondence between the joint invariant 
subspaces under Ti,... ,T„, and the regular factorizations of the characteristic function 0^ 
associated with a completely non-coisometric row contraction T := [Ti,, Tn] (see Theorem 
ro and Theorem 13.(i|) . In particular, we prove that there is a non-trivial joint invariant sub¬ 
space under the operators Ti,..., T„, if and only if there is a non-trivial regular factorization 
of Qt (see Theorem EZI). Using the model theory for c.n.c. row contractions, we provide 
a functional model for the joint invariant subspaces in terms of the regular factorizations of 
the characteristic function (see Theorem I3.3jl . An important question related to the main re¬ 
sult, Theorem Ea is to what extent a joint invariant subspace determines the corresponding 
regular factorization of the characteristic function. We address this problem in Theorem 13.81 

In Section 4, we prove the existence of a unique triangulation of type 

fC.o 0 \ 

V* c.i) 

for any row contraction T := [Ti,...,r„] (see Theorem 14.1 jl . and prove the existence of 
non-trivial joint invariant subspaces for certain classes of row contractions. We also show 
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that there is a non-trivial joint invariant subspace under Ti,..., whenever the inner-outer 
factorization of the characteristic function associated with T is non-trivial (see Theorem ld.bl) . 

In Section 5, we obtain criterions for joint similarity of n-tuples of operators to Cuntz 
row isometries. In particular, we prove that a completely non-coisometric row contraction T 
is jointly similar to a Cuntz row isometry if and only if the characteristic function of T is 
an invertible multi-analytic operator (see Theorem El. Moreover, in this case, we provide 
a model Cuntz row isometry for similarity. This is a multivariable version of a result of 
Sz.-Nagy and Foia§ |2l], concerning the similarity to unitary operators. 

Extending on some results obtained by Sz.-Nagy EU, Nagy-Foia§ [2^], and the author 
u, m, we prove, in particular, that a one-to-one power bounded n-tuple [ri,...,r„] of 
operators on a Hilbert space 7i is jointly similar to a Cuntz row isometry if and only if there 
exists a constant c > 0 such that 

^ \\T*hf>c\\hf, hen, 

OL£¥n ,\ci\=k 

for any fc = 1, 2 ,.... 

Recently m,m we developed a dilation theory for row contractions [Ti,..., T^] subject 
to constraints such as p{Ti, ..., T^) = 0, p £ V, where V is a set of noncommutative polyno¬ 
mials. It would be interesting to see to what extent the results of this paper can be extended 
to constrained row contractions and their constrained characteristic functions. 


2. Preliminaries on characteristic functions for row contractions 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, 62, ...,€„, 
where n G {1,2,...} or n = 00 . We consider the full Fock space of Hn defined by 


k>0 

where := Cl and is the (Hilbert) tensor product of k copies of Define the left 
creation operators Si : F^{Hn) —> F‘^{Hn), i = 1 ,..., n, by 

Snp\=ei®ip, peF‘^{Hn). 

The noncommutative analytic Toeplitz algebra F^ and its norm closed version, the non¬ 
commutative disc algebra An, were introduced by the author m in connection with a mul¬ 
tivariable noncommutative von Neumann inequality. F^ is the algebra of left multipliers 
of F‘^{Hn) and can be identified with the weakly closed (or r(;*-closed) algebra generated 
by the left creation operators Si,... ,Sn acting on F‘^{Hn), and the identity. When n = 1, 
Ff° can be identified with H°°(B), the algebra of bounded analytic functions on the open 
unit disc. The algebra F^ can be viewed as a multivariable noncommutative analogue of 
H°°(D). There are many analogies with the invariant subspaces of the unilateral shift on 
H^(B), inner-outer factorizations, analytic operators, Toeplitz operators, (B)-functional 
calculus, bounded (resp. spectral) interpolation, etc. 

Let F+ be the unital free semigroup on n generators gi,... ,gn, and the identity go. The 
length of a G F+ is defined by \a\ := A:, if a = gi^gi^ ■ ■ ■ 9ik: |a| := 0, if a = go. We also 

define := eq (8) <8) • • • <8) and Cg^ = 1. It is clear that {cq, : a G F+j is an orthonormal 

basis of F‘^{Hn). \lTi,...,Tn G B{n), the algebra of all bounded linear operators on a 
Hilbert space n, we define Tq, := Ti^^Ti.^ ' and Tg^ := I^x. 
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We need to recall from i, i, m, m, and m a few facts concerning multi-analytic 
operators on Fock spaces. We say that a bounded linear operator A acting from F‘^{Hn) (8>/C 
to F‘^{Hn) <8) JC' is multi-analytic if 

(2.1) A{Si® I]c) = {Si® Iici)A for any i = l,...,n. 

Notice that A is uniquely determined by the operator 0 : /C —> F^{Hn) ® K,', which is defined 
by 6k := A{1 ® k), k G K., and is called the symbol of A. We denote A = Aq. Moreover, Ag 
is uniquely determined by the “coefficients” e B{IC,IC'), which are given by 

{9(^a)k, k') := {dk, ® k') = (^ 0(1 <8) k), Ca® k') , k G JC, k' G JC', a G F+, 

where a is the reverse of a, i.e., a = ii a = gi^ ■■ ■ gi^^. We can associate with Ag a 

unique formal Fourier expansion 


Ag Ra® 6(^a), 

a&+ 

where Ri := U*SiU, i = 1,... ,n, are the right creation operators on F‘^{Hn) and U is the 
unitary operator on F‘^{Hn) mapping ei^® Ci^® ■ ■ ■ ® into ® ■ ■ ■ ® ® eq. Based on 

the noncommutative von Neumann inequality m, we proved that 

00 

Ag = SOT - lim ^ ^ ® 0(^), 

fc=0 |q|=/c 

where, for each r G (0,1) the series converges in the uniform norm. The set of all multi- 
analytic operators in B{F‘^{Hn) ® JC, F‘^{Hn) ® JC') coincides with R^®B{JC,JC'), the WOT 
closed algebra generated by the spatial tensor product, where R^ := U*F^U (see m and 
m)- The multi-analytic operator Ag is called 

(i) inner if Ag is an isometry, 

(ii) outer if Ag{F‘^{Hn) ® £) = F‘^{Hn) ® T* , 

(hi) purely contractive if ||P£:^0/i|| < ||/i|| for every Ji G £, /i / 0 , 

(iv) unitary constant 'A Ag = I ®W for some unitary operator W G B{JC,JC'). 

If Agi : F^{Hn) ® £' ^ F^{Hn) ® £'^ is another multi-analytic operator, we say that Ag 
coincides with Ag/ if there exist two unitary operators 

W ■.£ ^£' , W* : T* ^ T' 

such that 

{I®W^)Ag = Ag,{I®W). 

For simplicity, throughout this paper, T := [Ti,..., T„], n = 1,..., 00 , denotes either the 
n-tuple (Ti,... ,Tn) of bounded linear operators on a Hilbert space 7i or the row operator 
matrix [Ti ■ ■ ■ T„] acting from 7^1”) to H, where := is the direct sum of n copies 

of Ti. Assume that T := [Ti,..., T^] is a row contraction, i.e., 

TiT^ + • • • + TnT* < L 

The defect operators of T are 

n \ 1/2 

In-^TiT*] GB{n) and At := G B{n^''^), 

i=i / 

and the defect spaces of T are defined by 



T>*:=At*W and P := AtW^. 
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The characteristic function of the row contraction T := [ri,...,r„] is the multi-analytic 
operator 0^ : F‘^{Hn) ^ F‘^{Hn) <8) with symbol 9t is given by 


Orih) := 


Y,T^Pih + Y,{Si®Iv,) 

i=l i=l 


E 

kaeF+ 


AT*T*PiATh 


h G XI, 


where Pi denotes the orthogonal projection of onto the i-component of and S := 
[5i,..., Sn] is the model multi-shift of left creation operators acting on the full Fock space 
F^Hn). 

Using the characterization of multi-analytic operators on Fock spaces (see m, IS]) , one 
can easily see that the characteristic function of T is a multi-analytic operator with the formal 
Fourier representation 


-/(g)T4- (I® At*) 




i=l 


-1 

[X?i ® It-c, ..., ® It-c] (X ® At) , 


where X?i,..., Rn are the right creation operators on the full Fock space F'^{Hn)- 

The definition of the characteristic function of T arises in a natural way in the context 
of the theory of noncommutative isometric dilations for row contractions (see [7j and IHI)- 
Let V := [Ui,..., Vn], Vj e -B(/C), be the minimal isometric dilation of T on a Hilbert space 
K. D H. Therefore, 


(i) Vi,... ,Vn are isometries with orthogonal ranges; 

(ii) T* = V*\n,i = l,...,n- 

(iii) fC = ya&¥+ ^aP- 

Consider the following subspaces of fC: 


^■= \/{Vi-Ti)n, 

i=l 


:= 


\ 2=1 


n. 


According to [7|, we have the following orthogonal decompositions of the minimal isometric 
dilation space of T: 


( 2 . 2 ) 


jc = n® Mv{cy = n® Mv{c), 


where TZ reduces each operator Vi, i = 1,... ,n, 
Mv{C*) = ^ VaC*, and 

aGF+ 

Denote by <1>^ the unitary operator from My{C) 


= 0 Vo^C. 
ae¥+ 

to T^(XX„) ® £ defined by 





'y ^ 6q ® ioi, 


4 e A ^ ||4f <oo. 

aGF+ 


One can view <I>^ as the Fourier representation of Mv{C) 
i = 1,... ,n, we have 


= (Si ® Xt)$^, 


on Fock spaces. Then, for any 


where S := [Sd • • •; is the model multi-shift of left creation operators acting on the full 
Fock space T^(XX„). Similarly, one can define the unitary operator (Fourier representation) 
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<1)'^* : Mv{C^) —> We proved in [H] that the characteristic function Qt coincides 

with the multi-analytic operator 0£ : F‘^{Hn) (8> /I —> F‘^{Hn) 0 defined by 

0 ^ := iPMv{C^)\Mv{C)){^^)*, 

where denotes the orthogonal projection of 1C onto Mv{C*)- 


Let T := [Ti,..., T^], n = 1,..., oo, be a row contraction with Tj G and consider 

the subspace TLc C TC defined by 


nc:= 



for any k = 1,2, 


We call T a completely non-coisometric (c.n.c.) row contraction if Tic = {0}. We proved in 
[Zj that Tic is a joint invariant subspaces under the operators T ^,... , T *, and it is also the 
largest subspace in Ti on which T * acts isometrically. Consequently, we have the following 
triangulation with respect to the decomposition Ti = Tic © ' ktcnc - 


Ti = 






where , An ] is a coisometry, i.e., AiA \ AnAn = Ihci s-iicl [ Bi ,..., Bn \ is a c.n.c. 

row contraction. 

In |S], we constructed the following model for c.n.c. row contractions, in which the char¬ 
acteristic function occurs explicitly. 


Theorem 2.1. Every completely non-coisometric row contraction T := [ri,...,r„], n = 
1, 2,... , oo, on a Hilbert space Ti is unitarily equivalent to a row contraction T := [Ti,..., Tn] 
on the Hilbert space 

H := [{ F '^{ Hn ) © V ,) © Ae^(F2(i/„)©P)] © {0^/ © Ae^/ : / G F '^{ Hn ) © V }, 


where Ae^, := (/ — 0^0^)^/^ and the operator Tj, i = 1,... ,n, is defined by 


T*[f ® AeASj ^ IvM 


{S* © Iv*)f © 
(5*©/7?J/©0 


if i = j, 
if i + j, 


i,j = 1,..., n, and Si,..., Sn are the left creation operators on the full Fock space F‘^{Hn)- 

Moreover, T is a pure row contraction if and only if Qt is an inner multi-analytic 
operator. In this case the model reduces to 

U = { F \ Hn ) 0V ,) eeT { F \ Hn )( E ) V ), T*f = { s * 0lvjf , / G H. 


Any contractive multi-analytic operator 0 : F‘^{Hn)®£ —> F'^{Hn)'Si£* {£,£* are Hilbert 

spaces) generates a c.n.c. row contraction T := [Ti,..., T„]. More precisely, we proved in 
jS] the following result. 

Theorem 2.2. Let 0 : F'^{Hn) ® F'^{Hn) ^ £* be a contractive multi-analytic operator 

and set A© := {I — 0 * 0 )^/^ _ Then the row contraction T := [Ti,...,T„] defined on the 
Hilbert space 

H := [{F‘^{Hn) © £*) © Ae{F'^{Hn) © £)] © {0^ © A^g : g G F‘^{Hn) © £] 


by 


T*{f © Ae5) := {S* © l£,)f © CfiAeg), 


i = l,...,n. 
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where each operator Ci is defined by 

CfiAeg) := AeiSiiS'l£)g, g € F^{Hn) 0 £, 
and Si,... ,Sn are the left creation operators on F‘^{Hn), is completely non-coisometric. 
If 0 is purely contractive and 


Ae{F^{Hn) 0£) = AeiiF^Hr,) 0£)eS), 

then 0 coincides with the characteristic function of the row contraction T := [Ti,... ,T^ 
In this case, considering H as a subspace of 

K := iF\Hr,) ® f*) © AeiF^iHn)0£), 
we have that the sequence of operators V := [Vi,..., V„] defined on K by 

Vi := (5i ©/fj © Ci, i = l,...,n, 
is the minimal isometric dilation o/T := [Ti,... ,T„] . 


3. Factorizations of characteristic functions and joint invariant subspaces 

In this section, we establish the existence of a “one-to-one” correspondence between the 
joint invariant subspaces under Ti,..., T„, and the regular factorizations of the characteristic 
function 0^ associated with a completely non-coisometric row contraction T := [Ti,... ,r„]. 
In particular, we prove that there is a non-trivial joint invariant subspace under the operators 
Ti,... ,Tn, if and only if there is a non-trivial regular factorization of 0t- Using the model 
theory for c.n.c. row contractions, we provide a functional model for the joint invariant 
subspaces in terms of the regular factorizations of the characteristic function. 

Let 0 : F‘^{IIn) ® £ ^ F‘^{IIn) © <5* be a contractive multi-analytic operator and assume 
that it has the factorization 

0 = 0201 , 

where 0i : F‘^{Hn) © <? ^ F^{Hn) © T and 02 : F^{Hn) © .F —> F^{Hn) © £* are contractive 
multi-analytic operators. Define the operator 

X© : Ae{F^{Hn) © ^) ^ A2{F^Hn) 0 F) Q Ai(F2(iL,) © 

by setting 

(3.1) Xe(Ae/) := A20 i/©Ai/, fGF \ Hn )®£, 

where A© := (I — 0*0)^/^ and Aj := (/ — 0*0^)^/^, j = 1, 2. Notice that A© is an isometry. 
Indeed, since 

1-0*0 = 7-0*0*0201 

= 0t(7-0^02)01+ (/-0l:0i), 

we have 

II A20i/© Ai/f = ||A20i/f + II Ai/||2 

= {Qlil - 0 ^ 02 ) 01 / + 1- eiQif, f) 

(7-0*0)/,/) = ||A0/f. 

As in the classical case (see m), we say that the factorization 0 = 020i is regular if A© is 
a unitary operator, i.e., 

{A20i/©Ai/: / G F\Hn) © f}” = A2{F^Hn) © A) © Ai(F2(77„) © £). 
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Now let US prove the following technical result which will be very useful in what follows. 

Lemma 3.1. Let 0 : F‘^{Hn) F^{Hn) ^ be a contractive multi-analytic operator 

and let C := [Ci,..., C„] be the row isometry defined on Ae(F2(ff„) 0 £) by setting 

aAef := Ae{Si0l£)f, fGF\Hn)0£, 

for each i = 1,... ,n, where A© := (/ — 0*0)^/^. Then C is a Cuntz row isometry, i.e., 
CiCl + • • • + CnC* = I, if and only if 

(3.2) Ae{F‘^{Hn) ® £) = Aei{F^{Hn) ®£)e£). 

Assume that 0 has the factorization 

0 = 0201, 

where 0i ; F‘^{Hn) ® £ ^ F‘^{Hn) <8) T and 02 : F‘^{Hn) ® F ^ F‘^{Hn) ® £* are contractive 
multi-analytic operators and let E := [Ei ,..., £'„] and F := [Fi,..., F„] be the corresponding 
row isometries defined on Ai{F‘^{Hn) ® £) and A 2 {F‘^{Hn) ^ F), respectively. Then 

(3.3) XeCi = Xe, i = 

where the operator Xq is defined by relation (HU). Moreover, if the factorization 0 = 020i 
is regular, then C is a Cuntz row isometry if and only if E and F are Cuntz row isometries. 

Proof. First, notice that since 0 is a multi-analytic operator, i.e., 

0(5i (g) If) = (5i (g)/£J0, •j = l,...,n, 

we have 

{C,Aef,CjAe9) = {{S* 0 lefil - e*e){Si 0 Is)f, g) 

= - Q*<d)f, g) = 6ij (A©/, Aeg) 

for any f,g£ F‘^{Hn) <g) £ and i,j = 1,...,n. This shows that the operators Ci,... ,Cn are 
isometries with orthogonal spaces. Due to the definition of Ci, it is clear that CiC^ -(-••• + 
CnC* = / if and only if the range of the operator [Ci,..., Cn] coincides with A©(F2 (Ff„) (g) £), 
which is equivalent to (HU- 

On the other hand, for each i = 1,... ,n, and / £ F‘^{Hn) ® E, we have 
XeCfiAef) = X©A©(5i ® I^)/ 

= A^QiiSi ® Is)f © AfiSi © IcE)f 
= A2{Si © /jF)0i/ © Ai(S'j © l£)f 
= FiA20 i/©FiAi/ 

^ (o (^ 2 &if e Aif) 

= (o 

which proves relation (HU. If the factorization 0 = 020i is regular, then X© is a unitary 
operator. Consequently, we have 


/ n \ 

/ ” 

E 

0 ^ 

[Y,c^c*]x*e = 

i=l 

n 

\i=l / 


E EiE* 

i=i / 
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which implies that C := [Ci,..., Cr^ is a Cuntz row isometry if and only if E := [Ei ,..., En] 
and F := [Fi,..., F„] are Cuntz row isometries. This completes the proof. □ 

The main result of this section is the following. 

Theorem 3.2. Let T := [ri,...,r„], Ti G B(TC), be a completely non-coisometric row 
contraction and let 0 : F‘^{Hn) 0 S ^ F‘^{Hn) ® T* be a contractive multi-analytic operator 
which coincides with the characteristic function ofT. IfTCi C TC is a joint invariant subspace 
under the operators Ti,... ,Tn, then there exists a regular factorization 0 = 020 i, where 
Qi-.F'^{Hn)®£^F^{Hn)®J^ and 02 ■ F^Hn) ® E ^ F^Hn) ® £, are contractive multi- 
analytic operators such that T := [ri,...,r„] is unitarily equivalent to a row contraction 
T := [Ti,..., T„] defined on the Hilbert space 

e:= [{F‘^{Hn) A2(F2(F„) ® F) © Ai(F2(F„) 0 £)] 

e{020 i/©A20i/©Ai/: f eF‘^{Hn)®£}, 

by setting 

T*(/ © ^ © := {S* © lefif © F*ip ®E*fi, / © (^ © lA G H, 

for any i = 1 ,..., n, where the operators Fi and Ei are defined in Lemma Un\ and Si,... ,Sn 
are the left creation operators on F‘^{Hn). Moreover, the subspaces corresponding to 7ii and 
H 2 '.= £10 Til are 

Hi :={02/©A2/©5: feF^{Hn)®F, g ^ ^i{F\Hn) ® £)] 

©{020i/©A20i/©Ai/: f^F^{Hn)®£] 

and 

H 2 := [{F\Hn) © f*) © A2(F2(F„) © F) © {0}] 

© {02/ © A 2 / © {0}) : / G F\Hn) © F} , 

respectively. Conversely, every regular factorization 0 = 020i generates via the above for¬ 
mulas the subspaces Hi and H 2 with the following properties: 

(i) Hi is invariant under each operator Ti, i = 1,... ,n; 

(ii) ]Hl2 = H © Hi. 

Under the above identification. Hi corresponds to a subspace Tii C Ti which is invariant 
under each operator Ti, i = 1,... ,n. 

Proof. Part I. Let T := [Ti,...,r„], Tj G B{Ti), be a row contraction and let V := 
[Vi,...,14], Vi G B{K,), be its the minimal isometric dilation on a Hilbert space K, = 
\la£¥+FaTi. Since Vi,...,Vn are isometries with orthogonal ranges, the noncommutative 
Wold decomposition [7j provides the orthogonal decomposition 

(3.4) lC = TZ®Mv{C^), 

where 

00 

^ •= n 0 

k=0 |q:|=/c 

Moreover, TZ is the maximal subspace of 1C which is reducing for the operators Vi,... ,Vn and 
the row contraction [Ll| 7 ^,..., Vnln] is a Cuntz row isometry. 

Let Til C Lf be an invariant subspace under the operators Ti,... ,r„. Since Yflrt = T*, 
i = 1,... ,n, we deduce that the subspace Ti 2 := Ti Q Tii is invariant under the operators 


and C,-.= il,c-Yl 


2=1 
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Therefore, the subspace Q := K, 0 1-12 is invariant under Apply¬ 

ing again the noncommutative Wold decomposition to the row isometry [Vi|g,..., 14|g], we 
obtain the orthogonal decomposition 

(3.5) Q = niOMv{Q), 


where 


Rl :=n 


k=0 


0145 


\(y\=k 


and Q:=Q Q ( ^ ViQ 


\ 2=1 


Since IZi reduces the operators Vi,... ,Vn and ..., is a Cuntz row isometry, we 

deduce that IZi C IZ. Notice that IZ 2 := IZQ IZi is also a reducing subspace for Vi,..., I 4 
and , 1417 ^ 2 ] is a Cuntz row isometry. Using relations (|3.4I) and H3.5|) . we infer that 


n2 = iceg 

= [7^ © Mv{C,)] 0 [7^l © MviQ)] 
= [}Z 2 0Mv{C,)]eMv{Q). 


Hence, we deduce that 


(3.6) My (Q) c 7^2 © Af\/(£*). 

On the other hand, due to (j2.2ll . we have 

/C = 7^ © My(£*) = no My(£). 


Hence, we obtain 


n= [7^®My(A)] ©My(£). 


Since 0.2 C 7i, the above representations of Ti and 0.2 imply 


[7^2 ©My(/:*)]© My (Q) C [7^©My(/:,)] ©My(£). 
Taking into account that IZ = IZi © 1 Z2, we have 


[7^2 © Mv{C,)] © My(Q) = [7^ © My (£,)] © [IZi © My(Q)] . 
Consequently, we deduce that 


(3.7) 

and 


My(£) C7^l©My(Q) 

Hi =710712 

= [7ZiOMv{Q)]OMv{C) 
= goMv{c). 


Let Pmv(C0’ ^Mv{Q)^ P 7 I 11 and P-ji.^ b® i-be orthogonal projections onto the corre¬ 

sponding spaces. According to relations H3.6I1 and (|3.7I1 , for any x G My ( Q) and y G My (£), 
we have 

(3.8) X = Pji^x + PMy{c,)X and y = Pn^y + PMv{Q)y- 

In particular, if x := PMv{Q)y y G Mv{C), we deduce that 
(3-9) y = Pn^y + Pn 2 PMv{Q)y + PMvico^MviQ)y- 

Hence and taking into account that the subspace 7Zi ©7^2 = 7^ is orthogonal to Mv{C*), we 
deduce that 

(3.10) PMviCOy = PMv{C0PMv{Q)y and P^y = P-Jiiy + Pn 2 PMv{Q)y 
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for any y G My{C). Due to relation (13.41) . we have 


(3.11) 

Pnf = {I - PMvic.)) f, 

On the other hand, 

relations (13.711 and (13.6j) imply 

(3.12) 

PuiV = {I - Pmv{Q))v^ y & My{C) 

and 


(3.13) 

Pn2X= {I - Pmv{U))x, xGMy{Q) 


Assume now that [Ti,... ,r„] is a c.n.c. row contraction. In this case, we have (see j^) 

/C = Mv{C) y Mv{C^) = © My (£*), 

which implies 

(3.14) PnMviC) = (/ - My(£) = 7^. 

Hence and using the second relation in (IXTUl) . we deduce that 

PuiMviP) = P-i and P'ji^PMy{Q)Mv{C) = TZ 2 , 

and, consequently, 

(3.15) Ptz^Mv{C) = Pi and P-ji^MviQ) = P 2 - 
Part II. Consider the following contractions: 

Q ■= Pmv{c.)\mv{c) ■ Mv{C) MviC*), 

Qi ■= Pmv{Q)\mv{C) ■ PW{P) Mv{Q), and 
Q 2 ■= Pmv{c^)\mv{Q) ■ Mv{Q) Mv{C*). 

Since Mv{C*), My{C), and My{Q) are reducing subspaces for the operators Vi,..., 14, we 
deduce that, for each i = 1,..., n, 

Q {PillMviC)) = {Pi\Mv{C»)) Q, 

Qi {PilMviC)) = {PilMviQ)) Qd and 
Q 2 {VilMviQ)) = {PilMviC,)) Q 2 - 

Let : My{C^) —> F^{Hn) © be the Fourier representation of the subspace My{C^), 

i.e., 

I VjA := 

where ia G and Po|P < co. Notice that 
qGFJ 

{VilMvic)) = (Si © /£j i = 1,... ,n, 

where Si,... ,Sn are the left creation operators on F'^{Hn)- Similarly, we define the Fourier 
representations of the subspaces My{C) and My{Q), respectively. Now, due to the above 
intertwining relations satisfied by Q, Qi, and Q 2 , the operators 

0£ : F\Hn) © £ ^ F‘^{Hn) © £*, 0£ := $^*Q($^)*, 

^i-.F‘^{Hn)®C^F‘^{Hn)®Q, ^-1 := $2Qi($^)*, and 

^2 : F\Hn) © Q ^ F^{Hn) © £*, ^2 := $^*Q2($®)* 


(3.16) 
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are contractive and multi-analytic. Hence and using the first equation in (lOil) . we have 

{PMyiC,)\MyiC)) 

= {PMy(C,)PMy(Q)\My{C)) (^^)* 

= [<h^* {PMy{C^)\My{Q)) (<h®)*] {,PMy{Q)\My(C)) 

= ^'2^1- 

Due to (IXTTl) and (IXTHl . there exists a unique unitary operator $7^ : P —> Ac{F‘^{Hn) ® C) 
such that 

(3.17) ^TzPn'ip ■= V’ £ Mv{^), 

where Ac ■= {I — 0£0£)^^^. Indeed, we have 

ll(/- = llV^f - 

= 

= WAc^^^pf- 

Consequently, 

(3.18) $ := © d>7^ 

is a unitary operator from the dilation space JC = My{C^) © P onto the Hilbert space 

K := {F^{Hn) ® C.) © Ac{F^{Hn) © C). 

The image of the space H = P Q Mv{C) under the operator <I> is 

$77 = H := [{F^{Hn) © C.) © Ac{F^Hn) © £)] © {Ocf © Acf : fGF\Hn)^C}. 

The row contraction T := [Ti,... ,T„] is transformed under the unitary operator $ into the 
row contraction T := [Ti,..., T„], where 

f *(/ © Acg) := (S* © IcJf © C*iAcg), i = 

and each operator Ci is defined by 

Ci{Acg) = Ac{Si(^Ic)g, g&F^{Hn)®C. 

Notice that, using relations and (ItTsIi . one can show that there are some 

unitary operators 

$7^1 : Pi ^ A^,{F^{Hn)®C) and ■ P 2 ^ A^,{F^{Hn) Q) 

uniquely defined by the relations 

^TZiPniX : = X G Mv{C), 

(3.19) ^ 

^7^2^7^2y : = y e Mv{Q), 

( \ 1/2 

where := M — 'I'j'hj j for j = 1,2. Consequently, since P = P^i © 77i and due to 
relation (HOTll . the operator 

At: : AciF'^iBn) © T) ^ A^,{F^{Hn) © Q) © A^^{F^{Hn) © C) 
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defined by 

(3.20) Xc:={^n2®^n^)^*n 

is unitary. Due to relations (ITT71) . (lOil) . (jHUni), and (ITTHl) . we deduce that 
XcXc^‘^y = Xc^TzPny = {^112 ® Pny 

= ($7^2 © ^7^l) (©7^2©Mv(Q)y ® PniV) 

= A^2‘^®®Mv(Q)y ® 

= Avi>2^'i^'^y ® Avi>j^>S 
for any y G Mv{C)- Hence, we have 

(3.21) XcXcf = fGF\Hn)®C. 

Since Xc is a unitary operator, we also deduce that 

{Avi,2 0i/® A„J, / G F\Hn) ® £}" = A^,{F^{Hn) ® Q) 0 A^,{F^{Hn) ® £). 

Due to (TrTKl) and (Eisni), we have 

$ = ($ 7^2 ® ^T^i) • 

Now, we need to find the images Hi and H 2 of 7ii and 7 i2, respectively, under the unitary 
operator <1>. To find H 2 , notice first that, due to relation (l,‘1.2()j) . we have 

(3.22) ^nz = X*c ($ 7^2 ® (^ ® 0) = X*^ ($ 7 ^ 2-2 ® 0) 

for any 2 G ^ 2 - Hence and using (IXT71) . we infer that 

$ {Mv{C*) ® P 2 ) = Mv{C*) ® ^tzR.2 

= {F\Hn) ® £*) 0 XI (^A^,{F^Hn) ® Q) ® {0}) 

and, due to dSIHl), 

<^Mv{Q) = {<^^^PMy(c®f®WTZ2f ■■ / e MviQ)} . 

Hence, and using relations (TnHl) . (TTm . and (Em, we obtain 

<I>Mv{Q) = {^'2H ® X*c{A^^u © 0) : n G F^{Hn) ® Q] . 

Now, using the representation of 7 i2 from Part I, i.e., 

H 2 = [Mv{C,) © 7 ^ 2 ] ® MviQ), 

we obtain 

H 2 = [{F\Hn) ® £*) 0 {A^JF®{Hn)®^) ® {0}) ] 

© {T 2 / © X*ciA^J © 0) : / G F\Hn) ® Q} . 

Since Hi = H©H 2 , we deduce that 

Hi = {T 2 / © XliA^J ®g): / G F^iHn) ® Q, g e A,,, (F2(77„) © £)} 

© {Qcw © Aqw : w G F‘^{Hn) ® T} . 

According to Section 2, the characteristic function Qt of the row contraction T coincides 
with 0£, and therefore with 0. Via this identihcation, the regular factorization 0£ = 'h 2 'I'i 
corresponds to a regular factorization 0 = 020 i, where 0i : F'^iHn) © T —> F^(i7„) © F 
and 02 : F‘^{F[n) © A —> F‘^{F[n) © £* are contractive multi-analytic operators. Now, it is 
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easy to see that, under the above identification, the subspaces Hi and H 2 correspond to the 
subspaces 


0{02 /©X^(A2/©O) ; fGF\Hn)^F} 


and 

(3.24) 


Hi = { 02 / © X^{A 2 f © 5 ) : / G F\Hn) 0F, gG Ai{F^{Hn) © <S)} 

© |0(/9 © Aqlp : ip G F^(yHn) © , 

respectively, where Aj := (/ — 0^0j)^/^, j = 1,2.. Moreover, under the same identification, 

the row contraction T is unitarily equivalent to the row contraction T := [Ti,..., T^] defined 
on the Hilbert space 

H := [{F^{Hn) © f*) © Ae{F^{Hn)®£)] © {05 © A 05 : 5 G F\Hn) © £1}, 

by 

T{(/©Ae5) ■.= {S*®Ie,)f®Cl{Aeg), i = l,...,n, 
where each operator Ci is defined by 

C'i(A05) := Ae(S’i ©/£)5, gGF‘^{Hn)®£, 

and Si,... ,Sn are the left creation operators on F‘^{Hn). 

Since the factorization 0 = 020 i is regular, A 0 is a unitary operator which identifies 
the subspace AQ{F‘^{Hn) © £) with A 2 {F‘^{Hn) © F) (B Ai{F‘^(Hn) © £) and the operator Ci 

with ^ ^, for each i = 1,... ,n. Under this identification the Hilbert spaces H, Hi, 

and H 2 are identified with EIjlHIi, and EI 2 , respectively, and the row contraction T is unitarily 
equivalent to the row contraction T. 

Part HI. We prove the converse of the theorem. Due to the above identification, it is 
enough to assume that the factorization 0 = 020 i is regular and the subspaces Hi and 
H 2 are defined as above by relations and (Em, respectively. Since Xq is a unitary 

operator and using the definition EU), we have 

G 2 : = { 02 / © X^{A 2 f © 5 ) : / G F^Hn) gG Ai{F^{Hn) ® £)} 

D {0201(^ © A^(A20i</7 © Ai9?) : ip G F^{Hn) © <?} 

= {0(^ + A0y?: ip G F"^(Hn) 0 £} 

Hence, we obtain 

Hi = G 2 © {0(^ + Aqlp : ip G F‘^[Hn) © £1} . 

On the other hand, we have 


© G 2 


[iF\H^) ®£,)(BAeiF^{Hn)0£) 

= {F\Hn) ®£.)®X*q (A2{F^{Hn) ®F)® Ai{F^{Hn) © £: 
= {F^{Hn) © £.) © (A2(F2(F„) ®F)® {0}) 


© G 2 


© {02/ © X*Q{A2f © {0}) : / G F'^{Hn) © F) 


H 


2 — 


[F^iHn) © £.) © AeiF^Hn) © £) 


© G 2 


Consequently, 
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Hence, and taking into account the definition of Hi, we deduce that H = Hi © H 2 . 

It remains to prove that the subspace H 2 is invariant under the operators T^,... ,T*. If 
/ e ® £* and g G /S. 2 {F‘^{Hn) ® J^), then the vector x := / © XQ{g © 0 ) is in H 2 if 

and only if 

(3.25) 0^/ + A 2<7 = O. 

Indeed, using relation (Em, one can prove that the condition 

(/© A 0 ( 5 ©O), 02 ¥^© A 0 (A 2 V^©O)) = 0 for any G © JF 

is quivalent to Em- Since 

T*x = T*(/©A^(5©0)) 

for each z = I,..., n, to prove that T*x G H 2 , it is enough to show that 

{{SI ® /©)/ © C*{X*Q{g © 0)), 02<^ © X^(A2<^ © 0)) = 0 

for any (p G F‘^{Hn)®X. Since 0 is a multi-analytic operator, the latter condition is equivalent 
to 

(3.26) {S* © IrW2f + X2PiXeC:x*^{g © 0) = 0, 

where Pi is the orthogonal projection of the direct sum A 2 (P^(i/n) © P) © Ai(P^(P„) © £) 
onto A 2 (P^(Pn) © P). Using Lemma E3 and the definition of the operators Cj, Pj, and Pj, 
we deduce that 

X 2 PiXeC*X*Q{g © 0) = A 2 PiAeA^ {g © 0) 

= ^2F*g 
= {S* © I^)A2g. 

Hence, and using relation Em, we have 

(P* © Ir)ey + A2PiXeC*A^(<7 © 0) = {S* © + A 25 ) = 0, 

which proves relation (IIL26B . This shows that T*H 2 C H 2 for any z = 1,..., n. Consequently, 
the subspace Hi = H © H 2 is invariant under the operators Ti,..., T„. This completes the 
proof of the theorem. □ 

Now we can reformulate Theorem in terms of the functional model of a c.n.c. row 
contraction provided by Theorem 12.21 This version will be useful later on. 

Theorem 3.3. Let 0 : F‘^{Hn) © T —> F‘^{Hn) © T* be a purely contractive multi-analytic 
operator such that 

Ae(p2(P„) © T) = A0[(P2(P„) © T) © T], 
and let T := [Ti,..., T„] be defined on the Hilbert space 

H:= [{F^{Hn) © £*) © Ae{F^{Hn) © £)] © {0<7 © Aeg : g€F\Hn)®£}, 

by 

T*{f®Aeg) ■.= {S* ® Ie,)f ® C*{Aeg), z = l,...,rz, 
where each operator Ci is defined by 

CfiAeg) := Ae{Si® l£)g, g € F'^(Hn) <S) £, 
and Si,Sn are the left creation operators on F‘^{Hn)- 
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If Hi C H is an invariant subspace under each operator Tj, i = 1,... , n, then there is a 
reqular factorization 

0 = 0201 , 

where 0i ; ® > F'^{Hn) <Si T and 02 : F‘^{Hn) ® F ^ F^{Hn) ® <5* are contractive 

multi-analytic operators such that, if Xq is the operator defined by dSU), then the subspaces 
Hi and H 2 := H © Hi have the representations: 

Hi = {02/ © X^{A2f ®g): / G F^Hn) ®F, gG Ai(F 2 (H„) © f)} 

©{0V?©Ae(^: ip G F‘^(Hn) ® £} 

and 

H 2 = [{F‘^{Hn) © £.) © (A2(F2(H„)©X)) © {0})] 

©{02/©X^(A2/©O) : fGF\H^)®F]. 

Conversely, every regular factorization 0 = 020i generates via the above formulas the 
subspaces Hi and H 2 with the following properties: 

(i) Hi is an invariant subspace under each operator Tj, i = 1,..., n; 

(ii) H 2 = H©Hi. 

In what follows we need the following factorization result for contractive multi-analytic 
operators m 

Lemma 3.4. Let 0 G be a contractive multi-analytic operator. Then 0 admits 

a unique decomposition 0 = <I> © A with the following properties: 

(i) 41 G Rff®B{£Q,£[f) is purely contractive, i.e., ||P£:/4'/i|| < ||/i|| for any h G £0, h / 0; 

(ii) A = I ®U G Rff®B[£u,£u), where U G B{£u,£'u) is a unitary operator; 

(iii) £ = £ 0 ® £u and £' = £q® £'^. 

Moreover, the purely contractive part of an outer or inner multi-analytic operator is also 
outer or inner, respectively. 

The next result is an addition to Theorem o 

Proposition 3.5. Let 0 : F‘^{Hn) ® £ ^ F‘^{Hn) © T* be a contractive multi-analytic 
operator sueh that 

AeiF^iHn) ®£) = AeiiF^Hr,) ® £) Q £]. 

and let T := [Ti,... ,T„] be the functional model associated with 0, as in Theorem \2.I\ 

(i) The characteristic function ofT := [Ti,... ,T„] coincides with the purely contraetive 
part of 0. 

(ii) The space H defined in Theorem I A ill is different from {0} if and only if there is no 
unitary operator U G B{£,£fi) sueh that Q = I ® U. 

Proof. According to Lemma 13.41 the multi-analytic operator 0 admits the decomposition 
0 = 4> © A with 41 G ©i?(To,‘?*o) purely contractive and A = / © ?7 G Rff®B{£u,£^,u), 
where U G B{£u,£*u) is a unitary operator, £ = £0 ® £u, and T* = T*o © £*u- Notice that 

F‘^{Hn) © T* = {F‘^{Hn) © £*u) © © £*o) and 

F^Hr,) ®£ = {F\Hn) © £u) © {F\Hn) © To). 
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On the other hand, we have 

{©5 © Aeg : g G = {F‘^{Hn) © £*u) © {^(^ © A^ip : ip G F‘^{Hn) © Sq] • 

Now, using the definition of the Hilbert space H, one can identify H with 


H, 


0 •— 


{F‘^{Hn)®£*o)® A^{F^{Hn)®£o) ©{$<^©A$(^: P £ F"^ {Hn) ® £q] 


Due to this identification, the row contraction T := [Ti,..., T,i] is unitarily equivalent to 
:= [Tj*,..., T^], which is defined on Hq in the same manner as T is defined on H. Since 
A© = A$ © 0, it is easy to see that 

A^{F‘^{Hn)®£) = A^[{F^{Hn)®£)Q£]. 

According to the second part of Theorem 12.21 the characteristic function of coincides with 
the multi-analytic operator <1> which coincides with the characteristic function of T. 

We prove now part (ii). If 0 = /©[/ for some unitary operator U G B{£,£^), then A© = 0 
and 

H = [F’^iHn) © £,] © e{F\Hn) © T) = {0}. 


If 0 is not a unitary multi-analytic operator, then, according to Lemma KL4L it has a 
non-trivial purely contractive part. By part (i). Theorem 12.IL and Theorem 12.2L we deduce 
that 

dimD* = dimT*0) dimD = dimTo) 

where £ and T*o are not both equal to {0}. Since D* C Lf and V C we deduce that 

Ti 7 ^ {0}. This completes the proof. □ 


The following result is an important addition to Theorem ESI (and hence also to Theorem 

ro) . 

Theorem 3.6. Under the conditions of Theorem, \d.tA let H = Hi ©H 2 be the decomposition 
corresponding to the regular factorization 0 = 020 i, and let 

Tj = ( 0 gj , 7 = 1,... ,n, 

he the corresponding triangulation of T := [Ti,...,T„]. Then the characteristic functions 
of the row contractions A := [Ai,..., A„] and B := [Bi,... ,Bn] coincide with the purely 
contractive parts of the multi-analytic operators 0i and © 2 , respectively. 

Moreover, the invariant subspace Hi under the operators Ti,... ,T„ is non-trivial if and 
only if the regular factorization 0 = 020 i is non-trivial, i.e., each factor is not a unitary 
constant. 


Proof. Define the operator U from the Hilbert space 
{F^Hn) ® £.) ® 
to 

{F^{Hn)®£,) 


(A2(F2(/7„)©.F)©{0}) 


©A2(f 2(//,)© n 


by setting 


UU®X*{g®Q)) :=f®g, 
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for any / G F'^{Hn) < 8 ) £* and g G /S. 2 {F‘^{Hn) ® F). Since Xq, is unitary, so is U. Using the 
definition of H 2 (see relation (13.231) 1. we deduce that ? 7 H 2 = TC 2 , where 

W 2 := [{F^Hn) ® f*) ®A2{F^{Hn)^F) 

© {02<^ © A2 ^p ■ G F'^i^Ffn) © . 

Set rt := i = 1,..., n, and denote by Pi the orthogonal projection of the direct sum 

A 2 (P^(Pn) © .P) © Ai(p2(P„) © £) onto A 2 (P^(Pn) © F). Using Lemma 13.11 we deduce 
that 

P,XeC:X*^{g © 0 ) = Pi J,) Q 
= F:g 

for any g G A 2 (P^(Pn) © F) and i = 1,..., n. Hence and using the definitions for the row 
contraction [Ti,..., T„] and the unitary operator U, we have 

r*(/© 5 ) = C/T*(/©A^(< 7 © 0 )) 

= [/l(s:®i£jfec*x^(geo)] 

= (s* © IsJf © FiXeC*X^(g © 0) 

= (S* © Fjf © F*g 

for any / G F'^{Hn) © £* and g G A 2 (P^(Pn) © F) such that / © <7 G TC 2 , and i = 1,..., n. 
Since 

AeiF^Hn) © f) = A 0 (P 2 (P„) (^£)Q£, 
one can use again Lemma EH to deduce that 

A2(P2(Pn) © P) = A2(P2(P„) ®F)QF. 

Now, due to Proposition 13.5L we infer that the characteristic function of the row contraction 
[Li,..., r„], Lj G B{TC 2 ), (and hence also [Bi,..., B„]) coincides with the purely contractive 
part of the multi-analytic operator 02 - 

Taking into account the definition of the subspace Hi (see relation (13.241) 1 and the fact 
that 0 = 0201 , one can see that, for each / G P^(Pn) © P and g G Ai(p2(P„) © T), the 
vector 02 / © X 0 (A 2 / © g) is in Hi if and only if 

(02/ © Pe(A2/ © 5 ), 020i¥^ © Pe(A20i^ © Ai^.)) = 0 
for any if G F^{Hn) © £■ The latter equation is equivalent to 

0 ^ 0202 /+ 0 tAi/ + Ai5 = O. 

Since A^ = I — 0 ^ 02 , the above equation is equivalent to 
(3.28) 0t/ + Ai 5 = O. 

If X := 02 / © A 0 (A 2 / ® g) G Hi, then we have 

T*x = (S* © /£J 02 / © C*X^(A 2 / © g) 
for each z = 1,..., n. Since 02 is a multi-analytic operator and 

n 

i=i 
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where /(O) : = 


Pi 0 ^/, we deduce that 

T*x = [ 02 ( 5 ; ® Ir)f + (5; ® /£:J 02 /(O)] © C;X^(A 2 / © g) 
= u + v, 


where 

u := 02(5* © J^)/ © [X^(A2(5; © Ir)f © Etg)] 

and 

u := (5* © /£J02/(O) © [C';a^(A 2 / © 5 ) - ^0(A2(5; © Ir)f © • 

Now notice that u G Hi. Indeed, using the above characterization of the elements of Hi, it 
is enongh to show that 

(3.29) 0^(5; © Ir)f + ^lEtg = 0, i = 1,..., n. 

Using relation and the definition of Ei, we have 

©t(5; © /^)/ + A.Etg = (5* © + Aig) 

= 0 , 


which proves (13.2911 and therefore n G Hi. 

Now we prove that v G H 2 . First, notice that due to Lemma EH we have 


C;A^(0 © 5 ) = A^(0 © E*g), g G Ai{F^Hn) © 5), 

and therefore 

(3.30) V = (5* © /^J02/(O) © [C';a^(A 2 / © 0) - A^(A2(5; © Ir)f © 0)]. 

Using again Lemma EH and the definition of F), we infer that 

C*X*Q{A2f © 0) = C*X*Q I^As 5,-5* © /(O) © 0 j + C*X*Q{A2f{0) © 0) 

= x;, |^f)*A2 SjS] © / © oj + c*x;,(A 2/(0) © o) 

= x;,(A 2 ( 5 ; © Ir)f © 0) + c:xuA2f{0) © o) 

= x;,(A 2 ( 5 ; © ir)f © 0) + x^(f)*A2/(o) © o). 

Consequently, relation (lOl implies 

u = (5* © /£J02/(O) © XUF*A2f{0) © 0). 

Due to the definition of the subspace H 2 , to prove that v G H 2 , it is enough to show that 

0^(5; © /£J02/(O) + A2F*A2f{0) = 0 
for each z = 1,.. ., n. Since 


A 2 F)* = (5 ;©/^)A2, i = l,...,n, 
and 02 is multi-analytic, we have 

QUS* © /£J02/(O) + A2F*A2f{0) = (5* © /^)(0;02 + Al)f{0) 

= {S:^Ir)f{0) = 0. 

Hence, v G H 2 . Now, using the fact that T*x = u + v and the definitions for u and u, we 
deduce that the operator A* := PhiT*|hi satisfies the equation 

(3.31) A* (02/ © X*Q{A 2 f © g)) = 02(5* © I^)f © [X^(A2(5; © Ir)f © E*g)] 
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for any © 2 / © XQ{A 2 f © S') G Hi and i = I,... ,n. 

Now, define the operator Q from 

{02/©^S(A2/©5) : / G F\Hn) © s G Ai(F2(i7„) © £:)} 

to the direct sum {F‘^{Hn) © J©) © Ai{F‘^{Hn) © £) by setting 
(3.32) r!(02/©A^(A2/©5)) :=/©5- 

Since 

1102/ © A^(A2/ © g)f = ||02/f + ||A^(A2/ © g)f 

= (0202/,/) + ||A2/f ©llfff 

= ll/®5f, 

it is clear that fl is a unitary operator. Notice also that 

£l{Q(p © AQ(f) = n(020i(^ © Xq{A2Qiip © Aiy?)) 

= 0l<y9 © Aiip 

for any (p G F‘^{Hn) © £■ Consequently, OHi = Tii, where 

^3 33^ -Hi := [{F\Hn) © .F) © A^{F‘^{Hn)®£)] 

© {0i(/7 © Ai(/? : (f £ F‘^{Hn) ® £] . 

Setting Aj := flAifl*, relation (Id.dll) implies 

A*if®g) = iS*^lT)f®Etg, f®geni, 
for any i = 1,..., n. Once again. Lemma Id. II implies 

Ai(F2 {Hn) ®£)=Ai{F^Hn)^£)e£. 

Now, using Proposition Id.51 we infer that the characteristic function of the row contraction 
[Ai,..., A„], Ai G BiTLi), (and hence also [Ai,..., A^,]) coincides with the purely contractive 
part of the multi-analytic operator 0i. Due to the relations (ITTTll . (jsinsi), and Proposition 
Id.51 the subspaces Tii and 0.2 (and hence also Hi and H 2 ) are different from {0} if and only 
if both multi-analytic operators 0i and ©2 are not unitary constant, i.e., the factorization 
0 = ©102 is non-trivial. This completes the proof. □ 

Now, combining Theorem Id .21 and Theorem Id.dl we can deduce the following result. 

Theorem 3.7. Let T := [Ti,...,T„] he a completely non-coisometric row contraction on a 
separable Hilbert space TC. Then, there is a non-trivial invariant subspace under each operator 
Ti,... ,Tn if and only if the characteristic function ©t has a non-trivial regular factorization. 

Concerning the uniqueness in Theorem Id.dl (and also Theorem Id.211 . we can prove the 
following result, which shows the extent to which a joint invariant subspace determines the 
corresponding regular factorization of the characteristic function. 

Theorem 3.8. Under the conditions of Theorem \H.tA let 

0 = ©201 and 0 = ©201 

be two regular factorizations of the purely contractive multi-analytic operator 0, and let 
£,J-,£t., and £,F',£t. be the corresponding Hilbert spaces. Let Hi C H and H'^ C H be the 
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invariant subspaces under each operator T*, i = 1 ,... ,n, corresponding to the above factor¬ 
izations. If Hi C then there is a multi-analytic operator if —> 

such that 


©; = ^01. 


Moreover, */Hi = then 

e; = (I® ^o)0i 

for some unitary operator £ B{F,F') and, consequently, the multi-analytic operators 0i 
and 0']^ coincide. 


Proof. We associate with the factorization 0 = 020i the subspace 

M :={02/©X^(A2/©5) : / G F^Hn) © <7 G Ai{F^Hn) © ^)} • 

Similarly, we define the subspace Ai' associated with the factorization 0 = 020i- Since 
Hi C relation (lib241) and its analogue for imply Ai C A4'. Consequently, for each 
/ G F^{Hn) © A, there exist /' G F^{Hn) © A' and g' G A[{F‘^{Hn) © £) such that 

(3.34) 02/ © X^(A 2 / © 0) = 0'/ © Ag(A 2 /' © g'). 

Hence and using the definition of the unitary operators Xq and Xq, we have 

||/||2 = ||02/©X^(A2/©5)f 
= l|02/'®^0(A2/'©5Of 

= \\fT + yf- 

Therefore, it makes sense to define the contractions Q : F‘^{Hn) ^ A —>■ F'^{Hn) © A' and 
R : F^{Hn) <Si A —>■ A[{F‘^{Hn) © £) by setting Qf := f and Rf := g', respectively. Now, 
we show that Q is a multi-analytic operator, i.e., 

Q{Si® Ijr) = {Si® i = l,...,n. 

Let fi,..., fn be arbitrary elements in F‘^{Hn) © £■ Taking into account the definitions for 
Ci and Xq, and the fact that 


{S* © Ir)Al{Si © I^) = 6ij Al i,j = l,...,n, 


we deduce that 


/cjXJ(A2/ffiO),Ae 




©’ = 1 


(A2/©0),XeAe/i) 


(A 2 / © 0), A20i/i © Aifi) 

(Ai/,0i/.) 
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and 


X*^{A2{Si0l^)f © 0), Ae ^(5,- © Ie)fj 




A 2 {Si © Ir)f © 0, A 201 © Is)fj © Ai ^(5^ © l£)fj 




vi=i 


A2(5'i © /jr)/, A201 I ^(5'j © l£)fj 


vi=i 


= E ® © /^)/, 0i/i) 

i=i 

= (Ai/,0i/,). 

Hence, and taking into account that 


AeiF^Hn) © f) = A0[(F2(i/„) © £:) © f], 

we deduce that 

(3.35) aA^(A2/©0) = A^(A2(5i©I^)/©0) for any fGF\Hn)0X. 

Similar calculations show that 


(3.36) © Aiif) = X^(0 © Ai(5i © l£)ip) 

for any cp G F‘^{Hn) © £ and i = 1,... ,n. Moreover, similar relations to (I3.35|) and H3.36I) 
hold with Xq, A)^, and A '2 instead of X©, Ai, and A 2 , respectively. Since 

(3.37) axg(0 © A'^p) = Xg(0 © A;(5i © h)^) 

for any p G F‘^{Hn) © £ and z = 1,..., n, by taking appropriate limits, we deduce that 

C,X'^m ® A'^{F^Hn) ® £)) C X(;({0}©A;(F2(i7„)©^)). 

Consequently, for each g' G A'^{F‘^{Hn) © £) there exists g" G A'^{F‘^{Hn) © £) such that 

(3.38) CiX'^{Q © g') = X(5*(0 © g"). 

Now, notice that using relations dSISSl), (EISll), (EISZI), and (TOHll . we obtain 

02(Si © Ir)f © X^(A 2 ( 5 i © Ir)f © 0 ) = {Si © h, © Ci)(02/ © X^(A2/ © 0 )) 

= {Si © © Ci){Q' 2 f © Xg(A'/' © g')) 

= 0'(5i © Ir')f' © Xg(A'(5i © Ir)f' © g") 

for any / G F‘^{Hn) © F. Hence and using the definition of Q, we deduce that 
Q{Si © Ir)f = {Si © Ir')f = {Si © lT')Qf, f e F^Hn) © X, 
which proves that Q is a multi-analytic operator. 

Since Ai C Ai' , we have 

00 00 

n© n© 

k=0 |q:|=/c fc=0 |q:|=/c 


(3.39) 
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Using Lemma im the definition (I3..S2I1 of the unitary operator Q, and relations (I3.35|l . (13.361) . 
one can prove that 

[{Si ® ifj © Ci]n* = n*[{Si © i^) © Ei]. 

Indeed, we have 

[{Si ©/£.)© Ci]n*{f © = e 2 {Si © Ir)f © CiX*e{A 2 f © Ai(^) 

= Q 2 {Si © lT)f © ^e(A2(5i © Ir)f © Ai(5i © le)^) 

= n*[{Si © I^)f © Ai{Si © h)^)] 

= n*[{Si(^Ir)®Ei]{f(BAiip) 


for any / G F‘^{Hn) © T and ip G F‘^{Hn) © £■ 

Now, due to the fact that [S'! © Ijr, • • •, •S'n © Ir] is a multi-shift and [Ei ,..., E^] is a Cuntz 
row isometry, the noncommutative Wold decomposition implies 


n ^[{Sa^l£,)®Ca]M 

k=0 |a|=fc 


= n* 


n 


0 E„Ai(F2(ff„)®f) 

\a\=k 


0(5a©/^)(i""(^n)©^) ©n 

^k=0 |a|=A: k=0 

= n* ({0} © Ai{F^{Hn)^£)) 

= |o © X^{0 ®g): ge Ai{F‘^{Hn) ^ £)} . 

A similar relation can be obtain for the set on the right side of the inclusion (EISII)- Hence 
and using relation (TMl . we obtain 

{ 0 ©X^( 0 © 5 ): g G Ai{F^Hn) ^ £)} © {o©Xg(O ©50 : g' G A[{F^Hn) (^ £)} . 

Consequently, for each g G Ai{F^{Hn) © £) there exists g' G A[{F‘^{Hn) © £) such that 

(3.40) A^(0©5) = A(5*(0©(70- 

Since Xq and Xq are unitary operators, we can define the isometry 


U : Ai(F2(H,,) © £:) ^ ^[{F^{Hn) © £) 
by setting Vg := g'. For each p G F^{Hn) © £, we have 
(3.41) Op © Aep = 0'20'i^ © Xg(A'20'iV5 © A[p). 

On the other hand, using the operators Q, R,V and relation (lOH) . we deduce that 


Qp © Aqp = Q 2 Q 1 P © -Ae(A20iV5 © Aip) 

= [020i<^ © Xq{A2Qip © 0] + [0 © ^ 0(0 © Ai<^)] 

= [02Q0iV^ © X'^{A'^Qeip © RQip)] + [0 © Ag(0 © VAip)] 

= e'^QQip © Ag(A' 2 Q 0 i¥^ © y), 

where y := RQip + VAip is in A[{F‘^{Hn) © £)■ Using the latter relation and H3.41I) . we 
obtain 

020 iV^ = 02Q0 i¥ 5 and A' 2 Q'iP = A^QQip. 

Since the mapping © 2 /^ © A 2 /' 1 —> f is isometric, we deduce that 

(3.42) Q'^p = QQip, pGF‘^{Hn)®£, 
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which proves the first part of the theorem. 

Now assume that Hi = A closer look at the above proof reveals that ) = 

F^{Hn) (8> F' and y is a unitary operator. Taking into account relation and (ICTl) , we 

obtain 


02 / © X^(A2/ © 0) = [©' 2 /' © A^*(A' 2 /' © 0)] + [0 © Ag(0 © 5 ')] 

= [©'2/' © Ag(A'2/ © 0)] + [0 © X^(0 © V*g')] . 


Hence, we get 


© 2 / © Ag(A 2 / © i-V*g')) = ©'/' © Ag(A'/' © 0). 


Taking the norms, we have 

\\ff + \Wf = \\ff 


Combining this with ||/|p = ||/^|p + we obtain ||/|| = ||/'||, which shows that Q is 

a unitary multi-analytic operator. Due to m, this implies Q = / © Tq, for some unitary 
operator Tq E B{F,F'). Using relation (111.421) . we complete the proof. □ 


4. Triangulations for row contractions and joint invariant subspaces 


(4.1) 


In this section, we prove the existence of a unique triangulation of type 

Go 0 


Cl 


for any row contraction T := [Ti,..., T„], and prove the existence of joint invariant subspaces 
for certain classes of row contractions. 

We need a few definitions. Let T := [Ti,..., T„], Tj E B{TC), be a row contraction. We say 
that T is of class C.q (or pure row contraction) if 


^lim ||T^/i|p = 0 for any h £ TL, 


|q(|=/c 


and of class Ci if 


lim / 0 for any h £ 7i, h ^ 0. 

k^oo 


\a\=k 


We say that a row contraction T := [Ti,..., T„], Tj E B{TC), has a triangulation of type (14.11) 
if there is an orthogonal decomposition TC = TCq © TCi with respect to which 


T- — 


Ai 0 
* B, 


i = l,...,n. 


and the entries have the following properties: 

(i) T*Ho C Ho for any i = 1 ,..., n; 

(ii) A := [Ai ,..., An] is of class Cq; 

(hi) B := [Hi,..., H„] is of class Ci. 

The type of the entry denoted by * is not specified. 

Theorem 4.1. Every row contraction T := [Ti,...,T„], Ti £ B{H), has a triangulation of 
type 

'C.o 0 
* Ci^ 

Moreover, this triangulation is uniquely determined. 
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Proof. First, notice that the subspace 


no:= IhGl-C: lim ^ \\T*hf = 0 


k^oo 

\a\=k 

is invariant under each operator T*, i = 1,... ,n. The decomposition PL = PLq © PLi, where 
PLi :=PL 0 TYq; yields tlie triangulcition 

T* = i = 

where A* := and B* := for each i = 1, ..., n. Since 

hm \\Alhf = hm ^ \\T*hf = 0, h€ Ho, 

K —^OO K —^OO 

\a\=k \(y.\=k 

the row contraction A ;= [^i,..., A^] is of class C.q. Now, we need to show that 


lim / 0 for all h £ PLi, h / 0. 

k^oo 


\(y\=k 


Lt V ;= [Vi,..., V^], Vi G B(JC), be the minimal isometric dilation of the row contraction 
T := [Ti,...,T„] (see Section 2). For every m = 1,..., the isometries Va, la] = m, have 
orthogonal ranges. Therefore, we have 


E I E W 1 

\cx.\=ra 


n=k 


E DU PnXh 


E 

\a\=m 

E E IpPnoTM 


l\=k 


\a\=m |/3|=fc 

for any h ^ PL. Since P-yi^Tf^h G PLq., we have 
(4.2) hm \\T;Pn,nh\\^ = V 

Ai—>co 


'>\=k 


According to [7j , we have 


(4.3) 


P-jlh = hm VaT*h, for any h € PL, 

k^oo 


\a\=k 


where P-ji is the orthogonal projection of the minimal isometric dilation space JC on the 
subspace TZ in the Wold decomposition 1C = TZ Q) My{C^). Now, using relations (I4.2|l and 
(ESI), we obtain 

Pnh = hm V V VaV^T^T^h 

k^oc 


\a\=m \l3\=k 


E I E WI E I E WI PnXah 


=k 


\a\=m 

E VcPnPHrKh 

\oL\=m 


k^oo 


\a\=m \ |/3|=fc 
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Hence, we deduce that 

WPnhf = 


Y. V^PnPn,T*h 

\oL\=m 

< E \\Pn,Khf = 


= Y WPnPH.nhf 

\cx.\=m 

Y 


\oL\=m 


\a\=m 


for any h ^TL. Let h G Hi, /i 7 ^ 0, and assume that lim Yh ll-^a^lr = 0- The above rela- 

m—>-oo I I 

\(y.\=m 

tion shows that P-jih = 0 and, due to dSl), we deduce that h G Hq, which is a contradiction. 

Now, we prove the uniqueness. Assume that there is another decomposition H = H'q © H'l 
which yields the triangulation 


Ti = 


A[ 0 
* B‘ 


i = l,...,n. 


To 


of type , where A'* := and B'* := PH'Ti\H[ for each i = l,...,n. 

prove uniqueness, it is enough to show that Hq = Hq. Notice that if /i G Hq, then, due to 
the fact that the row contraction [A'-^, ..., is of class C.q, we have 

hm ^ ||r*h ||2 = lim ^ W^Yhf = 0 . 

\a\=m \oL\=m 

Hence, h G Hq, which proves that H'q C Hq. Assume now that h G Hq 0 Hq. Since h £ H'l, 
we have 

lim ^ \\BYhf= lim \\P^,T^*hf< lim ^ ||r*hf = 0 . 

\a\=m \a\=m \a\=m 

Consequently, since the row contraction [B[,..., B'j,] is of class C.i, we must have h = 0. 
Hence, we deduce that Hq 0 Hq = {0}, which shows that Hq = Hq. This completes the 
proof. □ 

Corollary 4.2. If T := [Ti,...,T„] is a row contraction such T ^ C.q and T ^ C.i, then 
there is a non-trivial joint invariant subspace under Ti, ..., T^. 


According to Section 2, any row contraction admits a triangulation of type 

(? C ) 

\ ^ ^cncJ 

where Cc (resp. Ccnc) denotes the class of coisometric (resp. c.n.c.) row contractions. Notice 
that Cc C C.I. Combining this result with the triangulation of Theorem 14.IL we obtain 
another triangulation for row contractions, that is, 

/C.Q 0 0 \ 

\ * Cc 0 

\* * Ccnc^C.iJ 

Corollary 4.3. If T := [Ti,..., T„], Tj G B{H), is a row contraction such 

TiTf 0 • • • 0 TnT* + I 

and there is a non-zero vector h G H such that Y l|Toh|p = ||/i|p for any k = 1,2,..., then 

\cx\=k 

there is a non-trivial subspace under the operators Ti,... ,Tn. 
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We recall from m that if 

TiT* + • • • + TnT* = I, 

then a subspace Ai is invariant under Ti,... ,Tn if and only if 

TiPmTi + • • • + TnPj^T* < Pj^, 

where Pm is the orthogonal projection on M. We also mention that the case when T G C.q 
is treated in the next corollary, and the case T G C.i is considered in the next section (see 
Theorem 1 ^ . 

The proof of the following result on regular factorizations of multi-analytic operators is 
straightforward from the definition, so we leave it to the reader. 

Lemma 4.4. Let 0 : F‘^{Hn) <8> T ^ F‘^{Hn) <8> T* he a contractive multi-analytic operator 
and assume that it has the factorization 

0 = 0201 , 

where 0i : F^{Hn) ^ F^{Hn) 0 T and 02 : F^{Hn) ®F ^ F^{Hn) ® T* are contractive 
multi-analytic operators. 

(i) If 02 is inner, then the factorization 0 = 020i is regular. 

(ii) If 0 is inner, then the factorization 0 = 020i is regular if and only if 0i and 02 

are inner multi-analytic operators. 

(iii) //rankA© < oo, then 

rank A© = rank Aq^ + rank A©^ 
if and only if the factorization 0 = 020 i is regular. 

Now we consider the case when T is a pure row contraction. 

Corollary 4.5. IfT := [Ti,...,T„] is a row contraction of class C.q, then the non-trivial joint 
invariant subspaces under Ti,... ,T„ are parametrized by the non-trivial inner factorizations 
of the characteristic function Qt of T (i.e., Qt = 02©! with 0i and 02 inner multi-analytic 
operators). Moreover, the sub spaces M.i and 1HI2 in Theorem, \d.I\ becom,e 

Hi = {© 2 / : / G F\Hn) ®F}Q {©t/ : / G F^{Hn) ® V} and 

02 = {F\Hn) ® P*} © {©2/ : / G F^{Hn) © F}, 

where V and P* are the defect spaces ofT. 

Proof. According to Theorem 12 .IL the characteristic function 0^ is an inner multi-analytic 
operator. By Lemma 1231 any factorization Qt = 020 i is regular if and only if 0i and 02 
are inner operators. Applying now Theorem l5.2[ in our particular case, the result follows. □ 

We should remark that Coro1la,rv l4.5l cau also be proved directly using Theorem 12.1 l and the 
Beurling type characterization (see |H]) of the joint invariant subspaces under the operators 
Si ^ Ig, . . . , Sn <S) Ig. 

We recall j2] that any multi-analytic operator admits an essentially unique inner-outer 
factorization. 

Theorem 4.6. Let T := [Ti,...,r„] he a completely non-coisometric row contraction. The 
inner-outer factorization of the characteristic function Qt induces (cf. Theorem, \8.fA) the 
triangulation of type 


C.o 0 
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for the row contraction T. 

In particular, if the inner-outer factorization of the characteristic function is non-trivial, 
then there is a non-trivial joint invariant subspace under the operators Ti,... ,Tn. 

Proof. Suppose that the multi-analytic operator 0 : F'^{Hn) 0 S ^ F‘^{Hn) <8) £* coincides 
with the characteristic function of the c.n.c. row contraction T := [Ti,..., T„]. Let 0 = 0^00 
be the cannonical inner-outer factorization of 0. Since 0j is inner, Lemma lO implies that 
the factorization is regular. Therefore, according to Theorem K'{.2I isee also Theorem Ki.!-}!) and 
Theorem EH the above factorization yields a triangulation 

Z)’ 

of T := [Ti,...,T„], the functional model of T, such that the characteristic functions of 
B := [Bi,..., Bn] and A := [Ai,..., A„] coincide with the purely contractive parts of 0* 
and 0o, respectively. Due to Lemma KL4L the purely contractive part of an outer or inner 
multi-analytic operator is also outer or inner, respectively. We recall from |H] that a c.n.c. row 
contraction is of class C.q (resp. C.i) if and only if the corresponding characteristic function 
is inner (resp. outer) multi-analytic operator. Finally, using the last part of Theorem liLbL we 
can complete the proof. □ 


5. Characteristic functions and joint similarity to Cuntz row isometries 


In this section, we obtain criterions for joint similarity of n-tuples of operators to Cuntz 
row isometries. In particular, we prove that a completely non-coisometric row contraction 
T := [Ti,... ,Tn] is jointly similar to a Cuntz row isometry if and only if the characteristic 
function of T is an invertible multi-analytic operator. This is a mnltivariable version of a 
resnlt of Sz.-Nagy and Foia§ m, concerning the similarity to unitary operators. 

Extending on some results obtained by Sz.-Nagy EH, Nagy-Foia§ EH, and the author 0, 
[HI, we provide necessary and sufficient conditions for a power bonnded n-tuple of operators 
on a Hilbert space to be jointly similar to a Cnntz row isometry. 

We need the following well-known resnlt (see eg. EH)- 


Lemma 5.1. Let Ai,M,X and y be subspaces of a Hilbert space H such that 


If 


PmX = 


for some constant c > 0 , then 


PMy = 


n 

= M 

®Af = x®y. 


M 

and 

\\Pmx\\ > c||x||, 

X £ X, 

N 

and 

ll-P^yll > c||y||. 

yey. 


We recall a few facts concerning the geometric structure of the minimal isometric dilation 
of a row contraction. Let T := [Ti,...,T„], Tj G B(fH), be a row contraction and let 
V := [Hi,..., 14 ,] be its minimal isometric dilation on a Hilbert space JC H. In El, 
proved that 1C = IZ® Mv{C*) and 

Pnh = lim V VaT*h, heH, 

k—^oo 


(5.1) 


CHARACTERISTIC FUNCTIONS AND JOINT INVARIANT SUBSPACES 


29 


where P'ji is the orthogonal projection of 1C onto IZ. Moreover, if T is a one-to-one row 
contraction, then 

(5.2) Wn = n. 

The next result provides necessary and sufficient conditions for a c.n.c. row contraction 
to be jointly similar to a Cuntz row isometry, in terms of the corresponding characteristic 
function. 


Theorem 5.2. Let T := [Ti,...,T„], Tj e B(7i), be a completely non-coisometric row 
contraction. Then T is jointly similar to a Cuntz row isometry W := [Wi,... ,Wn], Wi G 
B{W), i.e., 

(i) WiW,* + • • • + WnW:: = Iw; 

(ii) STi = WiS, i = I,... ,n, for some invertible operator S :'H ^ W, 

if and only if the characteristic function Qt is an invertible multi-analytic operator. 

In this case, 

||0^^|| = min {||X||||X“^II : [X~^TiX,... ,X~^TnX\ is a Cuntz row isometry^ . 


Proof. Suppose that the row contraction T := [Ti,... ,T„] is jointly similar to a Cuntz row 
isometry W := [Wi,... ,Wn], Wi G B{W), i.e., 

WiWf + • • • + WnW* = /w 

and Ti = S~^WiS, i = 1 ,..., n, for some invertible operator S : Tt ^ W. Since STa = WaS 
and T*S* = S*W* for any a G F+, we have 


5 WaSS*w* 


|q:|=/c 


\a\=k 

" " \a\=k 


||5 


- 1112 ^ 


for any k = 1, 2,.... Therefore, 


{T^T*h,h)>\\S*-^ 

\a\=k 




l|5 


-1112 


1 


which, due to relation (ED, implies 
(5.3) \\Pnh\\ > 


- ||5*||2||5-1||2 
1 


I, hGH. 


\\s\\\\s-^\, 

Notice that the operator [Ti,... ,T„] is one-to-one. Indeed, the relation 

S-^WiShi + • • • + S-^WnShn = 0 , hi gH, i = l,...,n, 

implies 

WiShi + --- + WnShn = 0. 

Since Wi are isometries with orthogonal ranges, we have 

WiSh^ = 0 , 


i = l,...,n. 
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whence /ij = 0, z = 1, ..., n. Therefore [Ti,... ,T„] is one-to-one. According to (15.21) . we 
have P'rH = P- Due to relation (I5.3jl . the subspace PuP is closed. Therefore, P-nTi = IZ 
and the operator 

X := Pn\H :n^n 

is invertible. According to dSU, we have 

V*Pnh = lim V V*VaT*h 

k—*oo 

\oL\=k 

= hm ^ VpT*pT*h = Pnnh 
k—*oo 

\a\=k—l 

for any h G TC and i = 1,... ,n. Consequently, we have 


TiX* = X*Wi, i = l,...,n, 


where Wi := z = 1,... ,n. Due to the noncommutative Wold decomposition applied to 
the row isometry [Vi,..., Vn], the subspace P is reducing under each isometry 14, z = 1 ,..., 
and \Wi ,..., Wn\ is a Cuntz row isometry. 

Now, due to the geometric structure of the minimal isometric dilation of T , we have (see 
relation (EH) 

/C = 7^ © My(£*) = n® Mv{C). 

Since PnP = P, we can use relation (EH and Lemma o to deduce that 


Pmv{C®Mv{C) = Mv{C*) and 


Pmv{u)x\\ > 


|| 5||||5 


-ii 


X G Mv{C). 


Therefore, the operator 


Q ■= Pmv{c®\mv{c) ■ Mv{P) Mv{C*) 

is an invertible contraction with ||(5~^|| < ||5||||5'“^||. Since Q is unitarily equivalent to the 
characteristic function ©t of T (see Section 2), we deduce that ©r is an invertible multi- 
analytic operator and ||©y^|| < ||5'||||S'“^||. 

Conversely, assume that the characteristic function ©^ (and hence Q) is an invertible 
contraction and ||©)^^|| < \ for some constant c > 0. Applying again Lemma IHTTl we deduce 
that 

Pnn = P and ||P 7 j/i|| > c||/z||, hGH. 

This shows that the operator X := Pti\'h : Lf —> X is invertible and ||X“^|| < i. As in 
the first part of the proof, we have X*( 14 | 7 j) = TiX* for any z = 1,... ,n. This proves the 
similarity to a Cuntz row isometry. Notice also that, since ||A|| < 1, we have 

||X*“^||||X*|| = ||A“i||||A|| < -. 

c 


To prove the last part of the theorem, let c > 0 be such that ||©(^^|| = The converse of 
this theorem implies the existence of on invertible operator X such that [X~^TiX, ..., X~^TnX] 
is a Cuntz row isometry and 

||x||||x-^|| < - = ||©;^^||. 

c 

On the other hand, using the first part of the proof, we have 

||©;^^|| < ||A||||A"^||. 

Therefore, ||©(^^|| = ||A||||A“^|| and the proof is complete. □ 
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Corollary 5.3. If T := [Ti,...,T„], Ti G is a completely non-coisometric row con¬ 

traction jointly similar to a Cuntz row isometry, then T is jointly similar to the Cuntz part 
in the Wold decomposition of the minimal isometric dilation ofT. Moreover, in this case, T 
is similar to the model row contraction C ;= [Ci,..., Cn], where for each i = 1,... ,n, 

Ci : Ae^iF^Hn)0V) ^ AQ^{F^{Hn)®V) 

is defined by 

CfiAe^f) := AeASi ® Iv)f, f G F\Hn) ® V, 
and Aq^ := (/ — where Qt is the characteristic function ofT. 

Proof. The first part of the theorem follows from the proof of Theorem 15.21 Now, using the 
model theory for c.n.c row contractions (see Theorem 12.1 l and Theorem I2.2jl . one can complete 
the proof. □ 


Now we consider the case when T := [Ti,..., Tn] is an arbitrary row contraction. 


Theorem 5.4. Let T := [Ti,...,T„], Ti G B(fH), he a row contraction. Then T is jointly 
similar to a Cuntz row isometry W := [ITi,..., Wn\, Wi G W, if and only ifT is one-to-one 
and the operator 


(5.4) 


P := 



1/2 


is invertible. 


Moreover, if this is the case, then the row contraction T := [Ti,... ,r„] is jointly similar to 
the Cuntz part R := [i?i,..., Rn] in the Wold decomposition of the minimal isometric dilation 
OfT. 


Proof. Assume T is a similar to W, i.e., there exists an invertible operator S : TC ^ W such 
that Ti = S~^WiS, i = 1,... ,n. As in the proof of Theorem 15.21 one can show that the 
operator [Ti,... ,Tn] is one-to-one. According to (I5.2|1 . we have P-rB = R- On the other 
hand, due to relation (EU), we deduce that 


(5.5) WPnhf = hm ^ I|r>f = \\Phf, h&n, 

k^oo 

\a\=k 

f 1“ 

where the operator P is well-defined by (I5.4jl . due to the fact that < Yh FaT* > is a 

[\a\=k J 

decreasing sequence of positive operators. Notice that, since {Wa}\a\=k nre isometries with 
orthogonal ranges, we have 

\\T*hf>\\S-^-^ Y, \\W:S*-^hf 

\a\=k |a|=fc 

= > (iis-^f ii5f )-^ii/if 


for any h € TC. Therefore 


for any h € Ti. Hence, it follows that the operators P and PrIt-c are one-to-one and have 
closed ranges. Since PrTL = IZ, it is clear that the operator X : Ti ^ TZ is invertible. 
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According to relation (EU), we have 

vrPnh= lim V V0^T*h = PnT:h 

k—^oo 

\a\=k—l 

for any h G TC and i = 1,... ,n. Consequently, we deduce that 
(5.6) XT* = R*X, i = l,...,n, 

where X := P-rIh and Ri := Vi\R, i = 1,... ,n. Therefore, T := [Ti,..., Tn] is jointly similar 
to R := [i2i,.. .,Rn]- 

Conversely, assume that the row contraction [Ti,... ,T„] is one-to-one and the operator 
P is invertible. Then relation implies PrIt-c is one-to-one and has closed range. On 
the other hand, by (15.21) . we have PrTC = TZ. Therefore, the operator X := PrIr : TC ^ TZ 
is invertible and, due to relation (15.61) . the row contraction [Ti,... ,Tn] is jointly similar to 
the Cuntz row isometry [ViIt^, ..., The proof is complete. □ 

We recall (^Tj) that an n-tuple [Ti,... ,T„], of operators Tj G is power bonnded if 

there is a constant M > 0 such that 

Y,\Khf<M^\\hf, h€n, 

\a\=k 

for any k = 1,2,.... 

Theorem 5.5. Let [ri,...,T„] be a one-to-one power bounded n-tuple of operators on a 
Hilbert space H such that, for any non-zero element h £ H, ^ ||T*/i|p does not converges 

\a.\=k 

to 0 as k ^ oo. Then there exists a Cuntz row isometry [Wi ,..., Wn], Wi G BifH), such that 

TiX = XWi, i = 1,... ,n, 

for some one-to-one operator X G B(7i) with range dense in Ti. 


Proof. For each h £ Ti, h 0, denote 


1/2 


c(h):= Jnf ^ ||r>|p 

Since [Ti,... ,r„] is a power bounded n-tuple of operators, there is aconstant M > 0 such 
that 

(5.7) ^\\T:hf<M^hf, h£Ti, 

\a\=k 

for any fc = 1, 2,.... If c(/i) = 0 and e > 0, then there is fco such that 

1/2 

E 

o|=fco 

Hence and using (EH), we deduce that 




< 


M' 


E = E E 

\a\=m-eko \P\=ko \ \|7l=m J ! 

< m2 ^ {TpT*^h, h) < e2 

l/3|=fco 
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for any m > 0. Consequently, lim = 0, which contradicts the hypothesis. 

Therefore, we must have c(/i) ^ 0 for any /i G h ^ 0. 

Now, for each h, h' € 7i, we define 

h'] := LIM ^ (r>,r>'), 

\a\=k 

where LIM is a Banach limit. Due to the properties of the Banach limit, [•, •] is a bilinear 
form on 7i and we deduce that 

[h, h] := LIM y \\T*hf > c{hf >0 if /i E / 0, 

\(y.\=k 

and [h,h] < M^||/i|p. Moreover, we have 

n 

[h,h] = Y,[T:h,T:h], hen. 

i=l 

Due to a well-known theorem on bounded hermitian forms, there exists a self-adjoint operator 
P G B{n) such that 

[h, h'] = (P/i, /i') for any h, h' G Lf, 
and, due to the above considerations, we have 
(5.8) 0 < {Ph, h) < , hen, /i / 0. 

n 

Now, we show that P = TiPT*. Indeed, we have 

i=l 


{Ph, h) = LIM y iir>i|2 = LIM y y wn^hw 

k — >oo * ^ ^ ^ ^ ^ 


|q:|=/c+1 


fc—>00 ' 


i=l \a\=k 


^[T*h,T*h] = ^{PTrh,T:h) 


2=1 


2=1 


= E(E^Ti;*a,M 

i=l \j=l / 

for any hen, which proves our assertion. Notice that relation (EHI) shows that the operator 

n 

X := PV2 is one-to-one and has range dense in n. Since = 11^^IP 


h en, ii \s clear that 


2 = 1 


y \\xT*x-^ 


,,2 II ||2 

x\\ = kc 


i=l 


for any x in the domain on X~^. Hence and due to the fact that the domain on X~^ is dense 
in n, the operators V* := XT*X~^, i = 1,... ,n, can be extended by continuity on n. Using 
the same notation for the corresponding extensions, we have 

n 

y ||U/h|p = ||h|p, hen, 

2=1 

and V*X = XT*, i = I, ... ,n. This shows that [Ui,... , I 4 ] is a co-isometry from 72^") to n 
such that 


TiX = XVi, i = l,...,n. 
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Assume now that hi £ H and ^ Vihi = 0. Then ^ TiXhi = 0. Since [Ti,..., T^] and X are 

i=l i=l 

one-to-one operators, we must have hi = 0 for each i = 1, ..., n. Consequently, [Vi,..., 14] 
is a one-to-one co-isometry, and therefore a unitary operator from to 7i. This implies 
that Vi, ■ ■ ■, 14 are isometries on 7i with ViVi + ■ ■ ■ +1414 = The proof is complete. □ 

As a consequence of Theorem EB we deduce the following criterion for joint similarity of 
a power bounded n-tuple of operators to a Cuntz row isometry. 

Corollary 5.6. Let [Ti,...,T„] be a one-to-one power bounded n-tuple of operators on a 
Hilbert space hi. Then [Ti,... ,r„] is jointly similar to a Cuntz row isometry if and only if 
there exists a constant c > 0 such that 

(5.9) ^\\T:hf>c\\hf, hen, 

\a\=k 

for any k = 1,2,.... 

Proof. The direct implication can be extracted from the proof of Theorem 15.21 Conversely, 
if condition (EH) holds, then, using the proof of Theorem EH we have 

c{h) > ^/c\\h\\, h£7i, /i / 0. 

Moreover, the positive operator P £ BifH) has the properties 

T,pC^ = pV^Vi, i = l,...,n, 

where [Vi,..., 14] is a Cuntz isometry, and 

(P/i,/i) > c||/if, h£n, h^O. 

Since the latter inequality shows that is an invertible operator, the result follows. □ 
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